
!   Math 5A Notes                               § 2.2    Limits of Functions 
 
Notation Definition of the Limit of a Function 
"#$%%&'()(*%+,%f (x)%-.%/%-001+-2#$.%-3%$45-'.%673%8$9+*$8%:;%%

lim
x! a

f (x) = L %

)$-9. %*#-*%<$%2-9%)-=$%>-'5$.%+,%%f (x)%-1:(*1-1(';%2'+.$%*+%L %?-.%2'+.$%-.%<$%'(=$@3%:;%*-=(9A%x %>-'5$.%*+%:$%.5,,(2($9*';%2'+.$%

*+%a %?+9%$(*#$1%.(8$%+,%a @%:5*%9+*%$45-'%*+%a B%%%
%
%

Note: C#$9%,(98(9A%-%'()(*%+,%-%,592*(+9%-.%x ! a 3%<$%9$>$1%2-1$%-:+5*%x = a B%D9%+*#$1%<+18.%-.%x→ a %f (x)→ L %-98%*#(.%

8+$.%9+*%9$2$..-1(';%)$-9%*#-*%f (a) = L B%E+)$*()$.%*#(.%(.%*#$%2-.$3%:5*%(*%(.%9+*%-'<-;.B%

%
%
Example 
 

6$*%f (x)= x+2 3%%% g(x) = (x + 2)(x ! 4)
x ! 4

3% -98%% h(x) =
1 if x = 4

(x + 2)(x ! 4)
x ! 4

if x " 4

#

$
%

&
%

%

F$*$1)(9$%*#$%8+)-(9%+,%$-2#%,592*(+9%-98%.=$*2#%-%45(2=%A1-0#%+,%$-2#%,592*(+9B%
%
%
%
%
%
%
%
%
%
%
%
G.$%-%*-:'$%*+%,(98%*#$%'()(*%+,%$-2#%,592*(+9%-.%x ! 4 B%%

Note: H$)$):$1%*#-*%-.%x ! 4 3%x ! 4 B%I+*$%-'.+%*#-*%<$%-1$%IJ"%2+)05*(9A%-%'()(*%+,%-%.'+0$B%
%

x < 4 % f (x) % g(x) % h(x) %

KBL% % % %
KBM% % % %
KBMM% % % %
KBMMM% % % %
KBMMMM% % % %

%
%

x > 4 % f (x) % g(x) % h(x)%

NBL% % % %
NB!% % % %
NBO!% % % %
NBOO!% % % %
NBOOO!% % % %

%
%
P$2-5.$%*#$%,592*(+9%>-'5$%+,%$-2#%+,%*#$%,592*(+9.%-00$-1.%*+%-001+-2#%*#$%.-)$%>-'5$%,1+)%:+*#%*#$%'$,*%-98%1(A#*3%*#$%'()(*%+,%
$-2#%+,%*#$.$%,592*(+9.%$/(.*.B%
%
% lim

x! 4
f (x) = % % % % lim

x! 4
g(x) = % % % % lim

x→4
h(x) = %

%
%
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%Definition of a Left­hand Limit 
    lim

x! a"
f (x) = L     x ! a"  )$-9.%*#-*%x %-001+-2#$.%a%,1+)%*#$%'$,*%?/%(.%.)-''$1%*#-9%-@%

%
%
Definition of a Right­hand Limit 
    lim

x→a+
f (x) = L     x ! a+  )$-9.%*#-*%x %-001+-2#$.%a%,1+)%*#$%1(A#*%?/%(.%A1$-*$1%*#-9%-@%

%
%
Existence of a Limit 
    lim

x! a
f (x) = L   ?.(92$%(*%$45-'.%-%>-'5$3  L , (*%$/(.*.@%(,,%:+*#%lim

x! a"
f (x) = L  -98%%lim

x! a+
f (x) = L B%%D9%+*#$1%<+18.3%

(,%*#$%1(A#*%-98%'$,*R#-98%'()(*.%+,%-%,592*(+9%f %-1$%8(,,$1$9*%+1%(,%+9$%+,%*#$)%8+$.%9+*%$/(.*3%*#$9%*#$%'()(*%8+$.9S*%$/(.*%?FIT@%

%
%
Infinite Limits%
6$*%f :$%-%,592*(+9%*#-*%(.%8$,(9$8%+9%:+*#%.(8$.%+,%a %?:5*%)-;:$%9+*%-*%a%(*.$',@B%

%
"# $9% lim

x→a
f (x) = ∞    % ?+1%lim

x! a
f (x) = " # @%

)$-9.%*#-*%>-'5$.%+,%f (x) %2-9%:$%)-8$%-1:(*1-1(';%'-1A$%0+.(*(>$';%?+1%'-1A$%9$A-*(>$';@%:;%*-=(9A%x .5,,(2($9*';%2'+.$%*+%a %:5*%

9+*%$45-'%*+%a B%%
%
I+*$U%"#$.$%(9,(9(*$%'()(*.%%?'()(*.%*#-*%&$45-'7%∞ %+1%! " @%8+9S*%&$/(.*7%:$2-5.$%*#$%'()(*%8+$.9S*%$45-'%-%>-'5$B%C$%8+%5.5-'';%
9+*$%*#$%:$#->(+1%+,%-%,592*(+9%:;%.*-*(9A%*#$%'()(*%(.%&$45-'%*+7%! %+1%! " B%
%
%
Vertical Asymptotes 
"#$%>$1*(2-'%'(9$%x = a %(.%2-''$8%-%>$1*(2-'%-.;)0*+*$%+,%-%,592*(+9%f 3%(,%-*%'$-.*%+9$%+,%*#$%,+''+<(9A%(.%*15$U%

% lim
x! a

f (x) = "         lim
x! a"

f (x) = #         lim
x→a+

f (x) = ∞  

 
   
  lim

x→a
f (x) = −∞         lim

x! a"
f (x) = " #         lim

x! a+
f (x) = " #  

 
Methods for Finding Limits in Section 2.2 

!B V1-0#(2-''; %
QB P;%*-:'$%2-'25'-*(+9%-98%+:.$1>-*(+9%
KB T.*()-*(9A%:;%8$*$1)(9(9A%<#-*%#-00$9.%-'A$:1-(2-'';B%W'A$:1-(2%)$*#+8.%<(''%:$%8(.25..$8%(9%*#$%2+)(9A%.$2*(+9.B%

D9%A$9$1-'3%(*S.%()0+1*-9*%*+%=9+<%*#-*%

%
nonzero constant

denominator approaching 0
! " %?+1%! " %8$0$98(9A%+9%*#$%.(A9.%+,%*#$%95)$1-*+1%-98%8$9+)(9-*+1@%

%
nonzero constant

denominator approaching ± !
" 0%%?$(*#$1%,1+)%-:+>$%+1%:$'+<%8$0$98(9A%+9%*#$%%

.(A9.%+,%95)$1-*+1%-98%8$9+)(9-*+1@%
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X+1%*#$%,592*(+9%f %<#+.$%A1-0#%(.%A(>$9%-:+>$3%.*-*$%*#$%>-'5$%+,%$-2#%45-9*(*;3%(,%(*%$/(.*.B%D,%(*%8+$.%9+*%$/(.*3%-98%(.%-9%(9,(9(*$%

'()(*3%.*-*$%*#(.%-.%∞ %+1%−∞ 8$0$98(9A%+9%*#$%.(*5-*(+9B%D,%(*%8+$.%9+*%$/(.*%-98%(.%9+*%-9%(9,(9(*$%'()(*3%$/0'-(9%<#;B%
%
%%%%%%%%%%%!B%lim

x! 3
f (x) =             QB%%%%f (3) =  

      
 
           QB%lim

x→1
f (x) =             NB%%%%f (1) = %

 
 
           LB%lim

x→1+
f (x) =             YB%lim

x! 1"
f (x) = %

 
 
           ZB%lim

x! 7+
f (x) =             [B%%%%lim

x! 7"
f (x) = %

 
 
           MB%lim

x→7
f (x) =             !OB%%%%f (7) = %

 
 
           !!B%f (11)               !QB%lim

x→11+
f (x) = %

 
 
           !KB%lim

x! 11"
f (x) =             !NB%lim

x→11
f (x) = %

%
 
           !LB%lim

x! " 3+
f (x) =             !YB%%%%lim

x! " 3"
f (x) = %

 
 
           !ZB%lim

x! " 3
f (x) =             ![B%%%%f (−3) = %

 
           ! MB%lim

x! 13+
f (x) =                  QOB%lim

x→13−
f (x) =  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 Q!B%f (13) = %

QQB%%%E=$*2#%-%A1-0#%+,%-9%$/-)0'$%,592*(+9f %*#-*%.-*(.,($.%-''%+,%*#$%A(>$9%2+98(*(+9.U%

% lim
x! 2+

f (x) = "     lim
x→2−

f (x) = −∞     f (−3) = 5  

  lim
x! " 3

f (x) = 2     f (5) = undefined   lim
x→5+

f (x) = 3     lim
x! 5"

f (x) = " 2  

 
 
 
 
 
 
 
 
 
 
 
 
G.$%-%*-:'$%+,%>-'5$.%*+%$.*()-*$%*#$%>-'5$%+,%*#$%'()(*B%\$1(,;%;+51%-9.<$1%A1-0#(2-'';3%<#$9%-001+01(-*$B%

QKB% lim
x→0

9x − 5x

x
 

 
X1+)%*#$%'$,*% % % % % % X1+)%*#$%1(A#*%
%

%
%
%
%
%
%
%

%
%
%
%
%
%
%
%

QNB%% lim
x! " 3

2x2 " 8
x2 + x " 6

 

 
X1+)%*#$%'$,*% % % % % % X1+)%*#$%1(A#*%
%

%
%
%
%
%
%
%

%
%
%
%
%
%

x < 0 % f (x)%
RBL% %
RB!% %
RBO!% %
RBOO!% %
RBOOO!% %

x > 0 % f (x) %

BL% %
B!% %
BO!% %
BOO!% %
BOOO!% %

x < −3% f (x) %

% %
% %
% %
% %
% %

x > ! 3% f (x) %

% %
% %
% %
% %
% %
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%

QKB% lim
x→0

x + 9 − 3
x

 

 
X1+)%*#$%'$,*% % % % % % X1+)%*#$%1(A#*%
%

%
%
%
%
%
%
%

%
%
%
%
F$*$1)(9$%*#$%(9,(9(*$%'()(*%?! %+1%! " @B%]+5%)-;%8+%*#(.%:;%.500+1*(9A%;+51%-9.<$1%<(*#%-%A1-0#%+1%:;%1$-.+9(9A%+5*%<#-*%
<+5'8%#-00$9%-'A$:1-(2-'';B%
%
QYB% lim

x! 0+
ln x %

%
%
%
%
%
%
%

QZB% lim
x! 0

1
x

%

%
%
%
%
%
%
%
%
Q[B% lim

x! "
2

+
(x sec x) %

%
%
%
%
%
%

QMB% lim
x→3

ex

(x − 3)2
%

%
%

x < 0 % f (x) %

% %
% %
% %
% %
% %

x > 0 % f (x) %

% %
% %
% %
% %
% %


