
!   Math 5A Notes                               ¤  2.3    Limit Laws   
 
Limit Facts 
"#$$%&'()*+)(c (,&(+(-%.&)+.)(+./()*'(0,1,)&(lim

x→a
f (x) (+./( lim

x→a
g(x) ('2,&)3((

4*'.(5'(*+6'()*'(7%00%5,.8( 7+-)&9(
(
Sum Law:      lim

x! a
f (x)+ g(x)[ ] = lim

x! a
f (x)+ lim

x! a
g(x) (

(
(
Difference Law:     lim

x→a
f (x) − g(x)[ ] = lim

x→a
f (x) − lim

x→a
g(x)  

 
 
Constant Multiple Law:   lim

x→a
c f (x) = c lim

x→a
f (x)  

 
 
Product Law:      lim

x! a
f (x)g(x)[ ] = lim

x! a
f (x) "lim

x! a
g(x)  

 
 

Quotient Law:      lim
x→a

f (x)
g(x)

⎡
⎣
⎢

⎤
⎦
⎥ =

lim
x→a

f (x)

lim
x→a

g(x)
if lim

x→a
g(x) ≠ 0  

 
 

Power Law:      lim
x→a

f (x)[ ]n = lim
x→a

f (x)⎡
⎣

⎤
⎦
n

where n is a positive integer  

 
 
 
 
Limit of a Constant:    lim

x! a
c = c  

 
 
 
 
 
 
 
Limit of the Identity Function:  lim

x→a
x = a  

 
 
 
 
 
 
 
 

Root Law:     
lim
x→a

f (x)n = lim
x→a

f (x)n where n is a positive integer 

and when n is even, lim
x→a

f (x) > 0
(
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(
(
(
(
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;&'()*'(0,1,)(0+5&(+./(8<+$*&(%7(f =((g =(+./(h ()%('6+0#+)'()*'(7%00%5,.8(0,1,)&=(,7()*'>('2,&)3(

!3( lim
x! " 1

g(x)h(x)[ ] (

(
(
(
(
(
(
(
(
(
(
(
:3( lim

x→−1
f (x) − 3g(x)[ ] (

(
(
(
(
(
(
(
(
(
(
(

?3( lim
x→3

g(x)
f (x)

⎡
⎣
⎢

⎤
⎦
⎥ (

(
(
(
(
(

f (x)f (x)

g(x)

g(x)

h(x)

h(x)
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@6+0#+)'()*'(7%00%5,.8(0,1,)&(+./(justify each step3(What does each mean graphically? 

A3( lim
x→2

2x2 +1
5− 2x3

⎡

⎣
⎢
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B3( lim
u! 2

u4 + 3u + 6 (
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C*'.(/%'&( lim

x→a
f (x) = f (a)D( Illustrate your answer with a picture….(

(
(
(
(
(
(
(
(
(
(
(
Direct Substitution Property 
E7(f ,&(+($%0>.%1,+0(%<(<+),%.+0(7#.-),%.(+./(a ,&(,.()*'(/%1+,.(%7(f ()*'.( lim

x→a
f (x) = f (a) (

(
(
(
(
(
;&,.8(/,<'-)(&#F&),)#),%.(,7($%&&,F0'=(7,./('+-*(%7()*'(7%00%5,.8(0,1,)&=(,7()*'>('2,&)3(What does each mean graphically?(

G3( lim
x→−1

x + 5
3− x3

(

(
(
(
(
(
(
(
(
(

H3( lim
x! " 1

2x2 " 8
x2 + x " 6

(

(
(
(
(
(
(
(
(
(
(
(
(
Theorem 
E7(f (x) = g(x) 5*'.( x ≠ a =()*'.()*'( lim

x→a
f (x) = lim

x→a
g(x) =($<%6,/'/()*'&'(0,1,)&('2,&)3(

 
What does the above theorem mean? 
 
 
 
 
(
(
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Methods for Finding Limits in Section 2.3(

!I  ;&'(0,1,)(0+5&(
:I  ;&'(/,<'-)(&#F&),)#),%.(7%<($%0>.%1,+0(+./(<+),%.+0(7#.-),%.&=(5*'<'(a (,&(,.()*'(/%1+,.3(
?I  J08'F<+,-()%%0&9(

+3 K+-)%<,.8L-+.-'0,.8 (
F3 M%1F,.,.8(N+//,.8L&#F)<+-),.8I(<+),%.+0('2$<'&&,%.&(
-3 O+),%.+0,P,.8()*'(.#1'<+)%<(%<()*'(/'.%1,.+)%<(

AI @&),1+),.8(F>(/')'<1,.,.8(5*+)(*+$$'.&(+08'F<+,-+00>(
E.(8'.'<+0=(,)Q&(,1$%<)+.)()%(R.%5()*+)(

nonzero constant
denominator approaching 0

! " (N%<( (/'$'./,.8(%.()*'(&,8.&(%7()*'(.#1'<+)%<(+./(/'.%1,.+)%<I (

nonzero constant
denominator approaching ± ∞

→ 0 ((N',)*'<(7<%1(+F%6'(%<(F'0%5(/'$'./,.8(%.()*'((

((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((( ( ( &,8.&(%7(.#1'<+)%<(+./(/'.%1,.+)%<I(
BI "#$$%<)(>%#<(+.&5'<(F>()*,.R,.8(+F%#)()*'(8<+$*3(

(
(
@6+0#+)'('+-*(0,1,)(+./()*'.(&)+) '(5*+)('+-*(1'+.&(8<+$*,-+00>3(

S3( lim
x→2

x3 − 8
x2 − 4

(

(
(
(
(
(
(
(
(
(
(
(
(

T3( lim
x→−2

2 − x
2 + x

(

(
(
(
(
(
(
(
(
(
(
(
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!U3( lim
x→3

x − 3
x − 3

(
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(
(
(
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!! 3( lim
x→0

x + 9 − 3
x

(
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! : 3( lim
h→0

2+ h( )−1 − 2−1

h
(
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! ?3( E7(f (x) =
sin x,   if x > 0
2x,   if x < 0

⎧
⎨
⎪

⎩⎪
/')'<1,.'(5*')*'<( lim

x→0
f (x) ('2,&)&3(
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The Greatest Integer Function(
4*'(8<'+)'&)(,.)'8'<(7#.-),%.=(

 
f (x) = x =(8,6'&()*'(0+<8'&)(,.)'8'<()*+)(,&(0'&&()*+.(%<('V#+0()%(x (

(
! A3( W<+$*( f (x) = x! " (

(
( (
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
! B3(( "*%5()*+)(

 
lim
h→2

x  (/%'&(.%)('2,&)3(

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
Theorem 
E7(f (x) ≤ g(x) (5*'.( x (,&(.'+<(a (N'2-'$)($%&&,F0>(+)(a I(+./()*'(0,1,)&(%7(f (+./( g (F%)*('2,&)(+&(x ! a =((

)*'.()*'( lim
x→a

f (x) ≤ lim
x→a

g(x)3(
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The Squeeze Theorem 
E7(f (x) ≤ g(x) ≤ h(x) (5*'.( x (,&(.'+<(a (N'2'$)($%&&,F0>(+)(a I(+./( lim

x→a
f (x) = L = lim

x→a
h(x) ()*'.( lim

x→a
g(x) = L 3(

(
(
(
(
(
(
! G3( ;&'()*'(7,<&)(8<+$*(,.()*'&'( .%)'&()%(&*%5(+.('2+1$0'(%7()*'("V#''P'(4*'%<'13(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

!H3( ;&'()*'("V#''P'(4*'%<'1()%(&*%5()*+)( lim
x→0

x2 sin 1
x

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
= 0 (
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