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A function  f  is continuous at a number  a  if  lim

x→a
f (x) = f (a)  . 

The above definition implies: 
  1.    f (a)  is defined.  In other words,  a  is in the domain of  f . 
  2.    lim

x→a
f (x) exists.  In other words,  lim

x→a
f (x) is equal to a constant value (not  !  or  −∞ ). 

   3.    lim
x! a

f (x) = f (a) .  This must happen from both the left and right hand sides. 

 
324*+!)5!60+7)/$0/10$2!
  • A 8*9):#;<*!=0+7)/$0/10$2 >!!The function is continuous except for a hole and not defined for that x–value 
      OR the function is continuous except for a hole and defined for that x‐value (but is not value of the limit). 
  • An ?/50/0$*!=0+7)/$0/10$2> a discontinuity caused by a vertical asymptote.  
  • A @194!=0+7)/$0/10$2> a discontinuity where the function’s graph has as vertical gap in it. 
 
 
Determine where each function is discontinuous and state why. 

1.  f (x) = x2 − 9
x + 3

 

 
 
. 
 
 
   

2.  f (x) =
1

(x + 2)2 if x !  Ð2

3 if x = Ð2

⎧

⎨
⎪

⎩
⎪

 

 
 
 
 
 
 
 

3.  f (x) =
x2 − 9
x + 3

if x ≠ –3

0 if x = –3

⎧

⎨
⎪

⎩
⎪

 

!
!
!
!
!
!
!
!
!
4.  

 
f (x) = x   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A function  f  is continuous from the right at a number  a if  lim

x! a+
f (x) = f (a)  

 
B*5$!.)/$0/10$2!6*50/0$0)/!
A function  f is continuous from the left at a number  a  if  lim

x→a−
f (x) = f (a)  

 
5.  Determine whether 

 
f (x) = x   is continuous from the left or right at 3. 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A function  f  is continous on an interval if it is continuous at every number in that interval. 
If  f is defined only on one side of an endpoint of the interval, we understand continuous at the endpoint to mean continuous 
from the right (if it’s a right endpoint) or from the left (if it is a left endpoint). 
 
 
Use the definition of continuity and properties of limits to show  f  is continuous on the given interval. 

6.  f (x) = 2 3 ! x     (−∞, 3]  
 
 
 
 
 
 
D1/7$0)/!.)9;0/#$0)/+!.)/$0/10$2!3%*)C*9  
If the functions  f  and  g  are continuous at  a  and  c  is a constant, then the following are also continuous at  a : 

f + g     f − g     c ! f     f ⋅g     f
g

, if g(a) ≠ 0  

 
.)94)+0$0)/!.)/$0/10$2!3%*)C*9 !
If the function  f  is continuous at b  and  lim

x→a
g(x) = b , then  

lim
x→a

f (g(x)) = f lim
x→a

g(x)( ) = f (b)  

 
Also, if  g  is continuous at  a  and  f  is continuous at  g(a) , then the composite function 

 
f  g , given by 

 
( f  g)(x) = f (g(x)) is 

continuous at  a . 
 
 
 
What types of basic functions are continuous at all numbers in their respective domains? 
 
 
 
 
 
 
 
 
 



3! "#$%!&'!()$*+                                ¤ !,-&!!!!.)/$0/10$2 !  
!
 
For problems 7 through 9, use the definition and theorems of continuity to  evaluate. 

7.  lim
x→π

2

cos x
2 + sin x

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

8.  lim
x! 2

tan" 1 x2 " 4
3x2 " 6x

#

$%
&

'(
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9.  lim

x→π
esinx

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use the definition of continuity  to show that the function  f  is continuous on the interval  ! " , "( ) . 

10  f (x) =
x2 +1 if x > 0
cos x if x ≤ 0

⎧
⎨
⎪

⎩⎪  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Find numbers at which  f  is discontinuous. At which of these numbers is  f  continuous from the right, from the left or neither. 
Explain your answers mathematically. Sketch a graph of  f . 

11.  f (x) =

x +1 if x ≤ 1
1
x

if 1 < x < 3

x − 3 if x ≥ 3

⎧

⎨

⎪
⎪

⎩
⎪
⎪
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Suppose that  f is a continuous function on the closed interval  [a,b]  and let  N be any number between  f (a)  and  f (b) , where 
f (a) ≠ f (b) . Then there exists a  c  in the interval (a,b)  such that  f (c) = N .  In other words the continuous function takes on 
every value between  f (a)  and  f (b) . 
 
Note: It might be easier to think this way: if there was a value between  f (a)  and  f (b)  that the function didn’t take on then 
there would be a hole at that value…and so the function wouldn’t be continuous. 
 
 
Illustrate the Intermediate Value Theorem by labelling the graph below with the points  a, f (a)( ) ,  b, f (b)( )  and  c,N( )  points 
and showing the corresponding x‐coordinates on the x‐axis and y‐coordinates on the y‐axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use the Intermediate Value Theorem to show there is a root of the given equation in the specified interval. 
12.  x3 = 1− x   0,1( )  

y 

x 


