1 Math 5A Notes @ 3.10 Linear Approx. and
Differentials

Tangent Lines
The illustration of how L(x), the tangent line to a curve y = f(x) at a, is very close to the function itself for x-values near a.
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Tangent Lines
The linear function that is the tangent line to a curve y= f(X) at a is called the linearization of f at a, thatis,

L(x)= f(a) +f'(a)(x ! a)
The above is the “point-slope form”: y=y, + m(x - X, ), of an equation of the tangent line to a curve y = f(x) through the
point (a, f(a)), with a slope of f'(a).You may think of L(x) as the function that “turns f into a line” for x-values near a.

This linearization of f may be used to approximate values of f near a.Note: L(x) gives an approximation to f(x) over an
interval of x-values near a.

1. Find the linearization of the function f(x)=+x-2 at a=11 and use it to approximate the numbers v9.01 and

Vv8.98.
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In examples 2 and 3 below, use the linear approximation (or differentials) to estimate the given number. In other words,
consider the expression to be a function evaluated at a specific point and then use a tangent line of that function at that specific
point to estimate the value.

2. (2.01)
3. In(1.01)
Differentials

The ideas behind linear approximations are sometimes denoted with differentials. Differentials are amounts of change. If

y= f(x), where f is a differentiable function, then the differential dx is an independent variable; that is, dx can be given the
value of any real number. The differential dy is then dependent on both x and dx ; that s, the differential dy depends on the
value of x and the value of dx (what the change in x is).

The differential dx may be given any real number value and is the same as the change in x, Ax.
dx = Ax

The differential dy is the change is in the yvalues on the tangent line and is defined as

dy= f'(x)dx

The change in y (or ! y ) is the actual change in the y-values of the function f that correspond to the change in x.

Ay = f(x+Ax) = f(x)

[lustration:

x X+ Ax
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Compute Ay and dy for the given values of x and dXx= AX, then sketch a diagram showing the line segments with lengths dx,
dy,and !y.
4. y=x"+1 x=2 Ax=-0.1

Find the differential of each function.

5. y=+1+Inx

Find the differential dy and evaluate dy for the given values of x and dx.
6. y=e> x=0 dx=0.1

7. y =x’cosx x:% dx =0.05
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The radius of a circular disk is given as 24 ¢cm with a maximum error in measurement of 0.2 cm.
a. Use differentials to estimate the maximum error in the calculated area of the disk.
b. What is the relative error? What is the percentage error?



