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If  f  is a function defined for  a ! x ! b , we dived the interval  a,b[ ]  into  n  subintervals of equal width  ! x =
b " a
n

. We let 

x0 = a( ), x1, x2,...,xn = b( )  be the endpoints of these subintervals and we let  x1
* ,x2

* ,x3
* ,...,xn

*  be any sample points in these 

subintervals, so that  xi
* lies in the !th subinterval  xi−1

* , xi
*⎡⎣ ⎤⎦ . Then the definite integral of  f  from  a  to b  is  

    f x( )
a

b

∫ dx = lim
n→∞

f xi
*( )

i=1

n

∑ ⋅Δx  

provided that this limit exists. If it does exist, we say that  f  is integrable on  a,b[ ] . 
 
 
()$*+7 !

•     ! is called an integral sign. This “elongated S” was chosen because an integral is the limit of a sum. 

 
•      In the notation:   f x( )

a

b

∫ dx ,  f x( )  is called the integrand and  a and b  are called the limits of integration; b  is the upper 

limit and a  is the lower limit. We will explore the meaning of the symbol  dx  in the coming sections. 
 

•       The definite integral  f x( )
a

b

∫ dx  is a number; it does not depend on  x . It could be written as  f t( )
a

b

! dt  or  f r( )
a

b

∫ dr , etc. 

 

•       The sum  f xi
*( ) ! x

i=1

n

"  is called a Riemann sum (after Bernhard Riemann). It tells us, as we discovered in section 5.1, that 

the area under a curve can be found by taking the limit of the sum of approximating rectangles (limit of the Riemann sum). 
 
•       Interpret a definite integral for a function,  f , that is entirely above the x-axis . 
 
 
 
 
 
  
•       Interpret a definite integral for a function,  f , that is both above and below the x-axis . 
 
 
 
 
 
  

•        A definite integral can be interpreted as a net area, that is a difference of areas:  f x( )
a

b

! dx = A1 " A2  where  A1  is the area 

of the region above the  x-axis and below the graph of  f and  A2  is the area of the region below the  x-axisand above the 
graph of   f . 
 
•        The definite integral does not always exist. We will look at a few examples of this later in this section. 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Evaluate the integral by interpreting it in terms of area. 

1.  1− x2 dx
0

1

∫  

 
 
 
 
 
 
 
 
 

2.  4 − 2x( )dx
−1

3

∫  

 
 
 
 
 
 
 
 
 
 
 

3.  The graph of  g consists of two straight lines and a semi‐circle. Use it to evaluate  g x( )dx
0

7

∫  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
.%*)5*8!9 !
If  f  is continuous on  a,b[ ]  or if  f  has only a finite number of jump discontinuities, then  f  is integrable on  a,b[ ] ; that is, 

the definite integral  f x( )
a

b

∫ dx  exists. 

 
 
.%*)5*8!: !

If  f is integrable on  a,b[ ] , then  f x( )
a

b

! dx = lim
n" #

f xi( )$x
i=1

n

%  where  Δx =
b − a
n

 and  xi = a + i! x  

 
!

0 4

-2

2

4

y = g x( )
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c
i=m

n

! = nc
"""""""""""""""""""""""

cai
i=m

n

! = c ai
i=m

n

!
"""""""""""""""""""""

ai + bi( )
i=m

n

∑ = ai
i=m

n

∑ + bi
i=m

n

∑
""""""""""""""""""""""""

ai − bi( )
i=m

n

∑ = ai
i=m

n

∑ − bi
i=m

n

∑
"

"

i
i=1

n

! =
n n+1( )
2 """""""""""""""""""""""""""""""""""

i 2

i=1

n

∑ =
n n+1( ) 2n+1( )

6 """"""""""""""""""""""""""""""""
i3

i=1

n

! =
n n +1( )

2

"

#
$

%

&
'

2

"
"

"

Use the form of the definition of the integral given in Theorem 4 to evaluate the integral. 
4.  

          
x2 + 3( )dx

0

2

!  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Use the form of the definition of the integral given in Theorem 4 to evaluate the integral. 

5.          1+ 2x3( )dx
0

5

!  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When finding a Riemann sum, we often choose the sample point  xi
*  to be the right endpoint of the !th subinterval because it is 

convenient, but as we saw in Section 5.1, if we choose  xi
* to be the midpoint of the interval, denoted by  xi , we usually get a 

better #$$%&'!(#)!&* of the integral (before taking the limit as  n→∞ ). Please note that no matter what is chosen for  xi
* , the 

6181$!of any Riemann sum is equal to the definite integral (actual net area). However, if midpoints are used to find an 
#$$%&'!(#)!&* to this definite integral, we get the following: 
 
"1?@)12$!A<6* 

f x( )
a

b

∫ dx ≈ f xi( )Δx
i=1

n

∑ = Δx f x1( ) + ...+ f xn( )⎡
⎣

⎤
⎦  

 

where  ! x =
b" a

n
 and  xi =

1
2

xi−1 + xi( )= the midpoint of  xi−1, xi[ ] . 
 
Notice the Riemann sum is just an #$$%&'!(#)!&* of the definite integral, because the limit as  n ! " of the Riemann sum is 
NOT taken. 
 
Use the Midpoint Rule with the given value of n  to approximate the integral. Round the answer to four decimal places. 

6.               cos4 x dx
0

!
2

" ,       n = 4  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use the definition of the integral to prove the following: 

7.             f x( )dx
a

b

∫ = − f x( )dx
b

a

∫  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f x( )dx
a

b

∫ = − f x( )dx
b

a

∫                f x( )dx
a

a

! = 0  

 

cdx
a

b

∫ = c(b − a) , where  c  is any constant  f x( ) + g x( )dx
a

b

! = f x( )dx
a

b

! + g x( )dx
a

b

!  

 

cf x( )dx
a

b

! = c f x( )dx
a

b

! , where  c  is any constant  f x( )− g x( )dx
a

b

∫ = f x( )dx
a

b

∫ − g x( )dx
a

b

∫  

 

f x( )dx
a

c

! = f x( )dx
a

b

! + f x( )dx
b

c

!  

 
 
 

8.      Show that  f x( ) ! g x( )dx
a

b

" = f x( )dx
a

b

" ! g x( )dx
a

b

"  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

9.      Illustrate the property  f x( )dx
a

c

! + f x( )dx
c

b

! = f x( )dx
a

b

!     for the case where  f x( ) ≥ 0 , and  a < c < b  

 
 
 
 
 
 
 
 
 
 
 

10.      If  f x( )dx
0

10

∫ = 17  and  f x( )dx
0

8

∫ =12 , find  f x( )dx
8

10

! . 


