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. We let

If f isafunction defined for a! X! b, we dived the interval [a,b] into n subintervals of equal width ! x =
n

X (= @), %, %,,...,X, (= b) be the endpoints of these subintervals and we let X,,Xp,Xg,-.-,X, be any sample points in these

subintervals, so that x; lies in the !th subinterval [xj_l ,xi].Then the definite integral of f from a to b is

b

Jr(x)ax=tim Y r(x;)-x

provided that this limit exists. If it does exist, we say that f is integrable on [a,b] .

0$*+7!

e | iscalled an integral sign. This “elongated S” was chosen because an integral is the limit of a sum.

¢ Inthe notation: j.f(x) dir | (x) is called the integrand and a and b are called the limits of integration; b is the upper

limit and @ is the lower limit. We will explore the meaning of the symbol dX in the coming sections.

b b b
e The definite integral Jf(x) dx is a number; it does not depend on X. It could be written as | f (t) dt or J f(r)dr,etc.
a a a

n

o Thesum " f (Xf) I X is called a Riemann sum (after Bernhard Riemann). It tells us, as we discovered in section 5.1, that
i=1
the area under a curve can be found by taking the limit of the sum of approximating rectangles (limit of the Riemann sum).

o Interpret a definite integral for a function, f, thatis entirely above the X-axis .

o Interpret a definite integral for a function, f , that is both above and below the X-axis .

b
e Adefinite integral can be interpreted as a net area, that is a difference of areas: | f(x) dx=A" A, where A is the area

a

of the region above the x-axis and below the graph of f and A, is the area of the region below the x-axiSand above the
graph of f.

. The definite integral does not always exist. We will look at a few examples of this later in this section.
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Evaluate the integral by interpreting it in terms of area.

1

1. 1—x* dx
[
0

3
2. J (4-2x)dx
-1
;
3. The graph of g consists of two straight lines and a semi-circle. Use it to evaluate Jg(x)dx
A 0
y=g(x)
< O 1 »
v
.%*)5*819 |

If f is continuous on [a, b] orif f has only a finite number of jump discontinuities, then f isintegrable on [a, b] ; that is,

b
the definite integral J f () dx exists.

a

%*)5*8!l: |

b " _
If f isintegrable on [a, b] ,then | f(x) dx = lirr#l 0%f (xl.)$x where Ax = b=a and x, =a+il x
a LS n
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n n n n n

! c=nc | cal.=c!n a, Z(a,+bl.)=2ai+2b, Z(a,—bi)ziai—ib,

izm g JaynTm i=m T TR i=m i=m LUy

" n(n+1) ", n(n+1)(2n+1) v "n(n+1)%
I i= i S S I 3= -
W2 2 6 vl 2 &

Use the form of the definition of the integral given in Theorem 4 to evaluate the integral.
4.

;(x2 +3)dx

0
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Use the form of the definition of the integral given in Theorem 4 to evaluate the integral.

5. i(1+2x3)dx

0
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When finding a Riemann sum, we often choose the sample point Xi* to be the right endpoint of the Ith subinterval because it is
convenient, but as we saw in Section 5.1, if we choose x: to be the midpoint of the interval, denoted by X, , we usually get a

better #$$%&'!(#)!&* of the integral (before taking the limit as N — oo ). Please note that no matter what is chosen for x; , the

6181%¥f any Riemann sum is equal to the definite integral (actual net area). However, if midpoints are used to find an
#$$%&'(#)!&* to this definite integral, we get the following:

"172@)12$!A<6*
jf(x)dxzgf(Z)szAx[f(Z)+...+f(Z)]

— 1 o
where ! X= and X =—(X_ . ) = the midpoint of [ X_ ,X |.
here | X d X =2 (%4 +X)= the midpoint of [X_,.x |

Notice the Riemann sum is just an #$$%&'|(#)!&* of the definite integral, because the limitas n! of the Riemann sum is

NOT taken.

Use the Midpoint Rule with the given value of N to approximate the integral. Round the answer to four decimal places.

Y
6. "cos'xdx, n=4
0

Use the definition of the integral to prove the following:

7. jf(x)dxz—jf(x)dx
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a

j‘ f(x)dx=—_[ f (x)dx

b
b
chx = ¢(b—a), where ¢ is any constant
a

b b
I cf (x) dx=cl| f(x) dx ,where c is any constant

a

E f(x)dx= tl) f(x)dx+ ; f (x)dx

a a b

8. Show that "f(x)! g(x)de "f(x)dx! "g(x)dx

a a

c b b

§!1&,-111.96*1/*0121$*132$*45#6

?f(x)dx:O
t!J f(x)+g(x)dx= lI) f(x)dx+ l; g(x)dx

b

Jf(x)—g(x)dx= jf(x)dx—jg(x)dx

a

9. Ilustrate the property | f (X) dx+ 1 f (X) dx=1f (X)dX for the case where f(x)>0,and a<c<b

a C a

10 8 10
10. If jf(x)dx=17 and _[f(x)dleZ,find | f(x)dx.
0 8

0



