Math 5A Notes 0 5.3 Fundamental Theorem
of Calculus

X
What does the integral J f (t) dt where y= f(t) is the graph below and a=0, define?
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We can think of the integral as Jf(t) dt the net area bounded by the the X-axis and y = f(t) between a and X. This area is

a

a function of x, and can be defined as a function g where g(x) = rf(t)dt . Use the graph above of f and g(x) = rf(t)dt

to find g(2), g(4), g(6), g(7) , 2(10), g(lO), g(12) and g(14), and then sketch a rough graph of g by plotting each of
these points (2, g (2)) , (4, g(4)) , etc... on the graph below. Make a note of when ( is increasing and decreasing, and also any

local maxima or minima. Do you see a relationship between f and g?
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b’—a’> b* &
= ——— " Recall that
2 2 2

b
Use the limit of a Riemann Sum to prove that J. tdt=
a

be(x)dxz|imif(x,)Ax,where Ax = b= and x; =a+i! x.
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Use the formula above to find g(x)= .[Oxt dt. What is the relationship between g (x) and y=f(t)=t?
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In general, if f(x) I 0 and g(x) = JX f (t)dt is interpreted to be the area under the graph of f from a to X, then we can
a

illustrate that g'= f .
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The Fundamental Theorem of Calculus - Part I

Notice h>0 and g(x+h) and g(x) are both areas.

g(x+h)=["" f(e)ar g(x)=["r(1)di

The difference in area is approximately a thin rectangle
h is small:

g(x+h)! g(x)" f(x)#h

(FTCI)

If f isa continuous function on [a,b] , then the function g defined by

g(x)=] r()ar,

is continuous on [a,b] and differentiable on (a,b), and g'(x)

Note: Using Leibniz notation for derivatives

g'(x)=r(x)

can be written as

d e
— [ (t)dt
ol F ()

f(x)

Position/Velocity

a<x<b

f(x).

In the last class example from Section 5.1, we evaluated the area under a velocity function, as an integral which might be

written as J‘xv(l‘)dt .

a
What type of measurement did this represent?

Does this make sense according to the FTCI?
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Use part 1 of the Fundamental Theorem of Calculus to find the derivative of the function

3. g(r)= I'Vx? +4 dx
"0

In Section 5.2, we computed integrals by taking the limit of a Riemann Sum. This is a long procedure and is sometimes very
difficult. The second part of the Fundamental Theorem of Calculus gives us a much simpler method of computation.

The Fundamental Theorem of Calculus - Part II
If f isa continuous function on [a, b] , then

" (x)dx=F(b)" F(a),

where F is any antiderivative of f thatis a function such that F'= f .

6. Prove theFTC2
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Evaluate the integral, if possible.

L)
7. dex
0

8. J(j(u+2)(u\/a+1)du

.
9, # [1+cos! | a!
10. "3izdx

1y
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11. " Jx dx
1 X
» 4
12. j ’ dx
0 1_ XZ

In summary, the FTC tells us that differentiation and integration are inverse processes. The FTC provides a systematic
approach to some otherwise extremely difficult problems.

The Fundamental Theorem of Calculus
Suppose f is a continuous function on [a,b].

L arg(x)= [ f(t)dt, then g'(x)=F(x).

b
2. J f (X) dx=F (b) -F (a), where F is any antiderivative of f, thatis a function such that F'=f .
a



